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(1.9) Theorem ( De Moi\"__rﬁ's Theorem) *,
To show that \ y

(cos 8+ sin 8F fc c0s RE+ 1 sin 68, for all integers n.

'me, When n = 0, we have I
:1 : (0s@+isin8d’ =1 =cos0V+isin0
r = cos 08+ {sin 08.
Whenn =1L
{cos @+isin @' = cosB+isin @
= ¢0s 18+ sin 18

Theresultistrueforn=0andn = 1.

' Now suppose the resultis trueforn =k, ie.,
(cos 8+1isin 8F = cosk@+1sin k8
Then
(cos9+isin 8= (cos 8+ 1 sin 8 (cos § +1i sin &
= (cos kB +isin kB (cos 8 +isin @)

= ( cos k@ cos 8- sin £9 sin 6)+ (sin k8 cos O + cos k8 =1n 6)
= cos (k8 + O) + i sin (k@ + 6)
= cos(k+1)8+isin(k+ 16

Thas, the truth of the statement for n = & implies its truth forn =% + 1.
Hence, by mathematical induction,

(cos @+isin 6" = cosn@+isinnb, foralln € Z+‘

- - ¢
Now suppose n is a negative integer, say n =—m, wherem€ Z . Then

(c&sﬁ&-g’sin 6i® ={cos B+isin ™

= [ (cos B+isin &))"

1 =
=[cos.8+isme]

1
—_— ~ (cos 6 + i sin &)7 —
. - - 7 - 1754
Remed after she French mathematician Abraham De Mavre (1667
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1
= cog mB+isinmb '

by the regu)y, flreg
(

1 cosmé -
" — % = 01 sin gy
cos mO+Lsinmb cosml~jgipn mo

cos mO—isinmo
i =1
cos m0+sin"md

= cosmbB—-isinmd

= cos(—m)f +isin{—m)0

~
I

= cosnO+1isinno.

Thus the theorem is true foralln € Z. :
a . \0
«Example 5. Bvgluate (\B”).
N
Mg
Solution. 3—-i=2[icos (—%)+isin(-g :l
(_«fﬁ—i)ﬁ:zﬁ cos(-:,).—r),+isin( g")-’

- F

= 20 | cos(— m)+i sin(— n)], by De Moivre’s Th

= -2,
‘ a
Now SRS x\]§—i (
V8+i  V3+i 3-i
1
V3-i 1
@] =Z(?‘/§_l)
Therefore, —-1“—:._1_(\/5 -)c;_i 26 1 26~,io-
| (VB40)* = FNVB-H) = @2 = gpl-9 =72
Hence ﬁ;l Ti el 2
'\jg'rl) '“2“:1.
\/Exampleﬁ Prove that, ?

(8in x +1 I i
9 : Cos 1 ~-x)+zqmn(-‘——f :

Solufion. - siq x} : cos(—g -x) and cos x = sin (3 - ""')»'r;l

e g__.:_l
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: DE MOIVRE'S THEOREM 17
#—-—f -
: i . = s A i
fonce (s +icos o 2 [m (%) +isin(5-) ]
" . - n I T
\g//p G, g cosn(-z- —x)+tsmn(§ -x),by(l.9)
Example 7. If x=cos 6+ i sin 0, show that
. i 1 i ) 2
x"+;;,'= 2 cosnf and f—;lg = 2isinnd .
Solution. Here, x = cos 8+isin 0.
Therefore, ' “\= (cos B+ i sin 8)' = cos n@+isinnd, (1)
r.) ’
) by (1.9)
1 1 : =
% ~ cos@+isinf cos i sin 6
;1; = (cos @—isin " =[cos (—0) + i sin (-6) " |
= cos (—nf) +isin (- no)
: s cog,nQ-—i sin né | (2)
From (1) and (2), we obtain:
X+ —1; — cos nO+isinn@+ cosnd—isin ne =, 2cosnf
-
and X - pr = (cos nd+isinn@)—(cos nO—isinn®) = 2i sinné. -

(1.10) Appliciltibns of De Moivre's Theorem

L To Express cos nf and gsin no as finite sums of trigonometric

functions of 6, where n is a positive integer.

The Binomial Theorem holds for the set of complex numbers. We have
cos n0+ isinn@= (cos B+isin )

n 1 > i 2
= cos" U+ ({ ) cos"™ 'O (i sin 8) + (;) cos™ 6 (i sin b)

it (g) cos"™ 6 (i sin O + (2 ) cos"™ i sin 0)'

n Y ,
+ (5 )cos"“" ([ sin O)° + ..
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¥ EXERCISE 1.2

Write the following expressions in the forma + ¢ b :

'S 7 « \0O
((=V3+i) D (=30 R e L
('i)( ' “) il A L+~3i

Simplify ;
i (cos 26 + I sin 26)° (cos 38 — i sin 30)°
(i) (cos 40— sin 46)" (cos 56 + i sin 56)°

- ‘-:-113\
(cos ax —1I sin a)!! -

i1 — . Sehi
i) (cos f + i sin B)° - S
(iii) (cos o + i sin a)(cos B + i sin fB) ¥ oow
. (cos y+1isin p)(cos 6 + i sin &) @ ¥ =
. \((_‘\ i
A \ :
(3 cis E) 9
. ™~ x « _
(IV) . ' ' - = o | % S
- n 6 . ‘\J ""11 -J-:- b _\.r
(4 cis —) L S il T
3 i 20 \ oo
, \
Prove that = 7

(i) [(cos 8-cos ¢)+i (sin f-sin ¢)] +-[(cos 6 — cos ¢)-i (sin f-sin ¢) ]"

2n+1 sin" (

QE_Q) cos n (_9'+T¢+‘E)

( 1:+sinx+icosx n
1 +sinx—-icosx

(i)

= cosn(g - x)+isinn(g-— x).

! = 1 ‘ 1 ‘
20592 + 75 2c0s9=y + ; 2c0sy = 2 + -, then prove that
- (i) 2co5(8 +9+y) = xyz .+x—_::_z—
(ii) 2 cos (n% +fl-%) = x"'y" T xrnlyn '

) Find the three cube roots of 8

(i)  Find the four 4th roots of each of the complex numbers

-

-16i , 64 and -2w!§+2i.3/

. y
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